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A variety of results on edge-colourings are proved, the main one being the following: if 
G is a graph without loops or multiple edges and with maximum degree A=A(G), and if v is a 
given integer 1 _~ v_~A (G), then G can be given a proper edge-colouring with the colours cx . . . .  , ca + 1 
with the additional property that any edge coloured c,, with it~v is oll a vertex which has on it 
edges eoloured with at least v -  1 of cl, ..., c,,. 

In  this  note  we consider  graphs  wi thout  loops  in which  mul t ip le  edges  may  
occur.  The degree o f  each vertex will be finite (i.e. the graphs  are  locally finite). 
A n  edge-eolouring of  a g raph  G is an ass ignment  o f  colours  to the edges o f  G such 
tha t  each edge receives exact ly one colour .  A proper edge-colourhTg of  G is an edge-  
co lour ing  such tha t  no two edges on the same ver tex receive the  same co lour .  I f  
there  is a p rope r  edge-cotour ing o f  G with  a finite number  o f  colours ,  the  chromatic 
h~dex (edge chromat ic  number)  x ' (G) o f  G is defined to  be the least  in teger  j for  
which there  is a p rope r  edge colour ing  of  G w i t h . / c o l o u r s .  

I f  a finite g raph  is p roper ly  edge-co loured  wi th  colours  Ca, c.,, ... then  a 
"canonica l"  p rope r  edge-colour ing  may  be der ived f rom it, if by "canonica l "  we 
mean for the  m o m e n t  that ,  for  each edge e, i r e  is co loured  ez, then each o f  cl ,  . . . ,  c i_ l  
occurs  on an edge on one or  o ther  of  the vertices o f  e. The  me thod  o f  de r iva t ion  is 
a lmos t  obvious :  we i terate  the  fol lowing procedure .  F ind  an edge e co lou red  cj 
which does  no t  have each of  cl ,  ..., c i - i  on an edge on one or  o the r  o f  the  vert ices 
o f  e;  then recolour  e with e~ where i is the  least  integer such tha t  cg does  no t  occur  
on either o f  the vertices o f  e. Since the g raph  is finite the p rocedure  must  t e rmina te ;  
however,  the  result  extends to local ly  finite infinite graphs .  

I t  is of  interest  to see to wha t  extent  a p rope r  edge-colour ing  can be m a d e  
even more  "canonica l" .  Here  we consider  p rope r  edge-colour ings  in which  i f  an  
edge is co loured  c~ then,  as above,  each o f  cl . . . . .  ei-~ occurs  on edges on one or  
o ther  of  the  vert ices o f  e, bu t  fur ther ,  as many  as poss ib le  o f  e~, . . . ,  c~-a occur  

on at  least  one o f  the  vertices o f e .  I t  is clear  tha t  at  least ~ o f  c~ . . . . .  ci_~ mus t  
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occur on edges on at least one of the vertices of an edge coloured ci in a proper 
edge-colouring which is "canonical" in the first sense. However, we can always do 
better than that. 

Our first result in this direction is the ibllowing. 

Theorem 1. A locally finite bipartite multigraph G has a proper e(~e-colourhTg with 
finitely many or denumerably many colours cz, c2, ... such that for  each i>:2, each 
edge coloured ci is on a vertex which also has on it edges coloured cl, ..., ci-z. 

Notice that  the theorem of K6nig [5] that a bipartite graph of maximum 
degree A can be properly edge-coloured with A colours, is an immediate corollary 
of Theorem 1. 

Theorem 1 is a special case of the following more general theorem. 

Theorem 2. Let  j be a positive integer. Let  G be a locally finite multigraph which 
has no loops. I f  either 

(i) j is even, or 
(ii) j is" odd and G contahTs ~r~O subgraph with an odd number o f  edges which is 

regular o f  degree 2j, 
then G can be edge-coloured with finitely many or denumerabO, many colours c~, c, . . . .  
in such a way that 

(iii) no vertex has more than j edges o f  each colour on it, 
(iv) f o r  each i>=2, each edge coloured ci is on a vertex which also has on it j 

edges coloured cv for  each v~ {1, ..., i -  1}. 

Given a set E of edges of  a graph G, it will be convenient to refer to the graph 
consisting of the edge set E, and those vertices of G which are on edges of E, as 
the graph E. I f  G has a greatest degree, it will be denoted by A (G). 

We turn now to the proof  of  theorem 2. First we recall that in the case when 
G is finite a slightly weaker version of theorem 2 was stated by Hilton in [4]. The 
argument is essentially that used by Geller and Hilton in [3]; however, we give it in 
full here for the sake of completeness. 

The proof of theorem 2. 

Case 1. G is finite. 
Let A----A (G) denote the greatest degree in G. In this case, theorem 2 was 

proved in [3, corollary 2.1], except that (iv) was not proved; the number of  colours 

was [ ~ [ ,  where [y] denotes the greatest integer not greater than y. 
f ~ , , 1  

u s e d  
L . ] J  

Let x = ] ~ _ _ , ~ ] .  We prove theorem 2 in this case by induction on x. 

I f  x =  1 there is nothing to prove. Let y >  1 and as an induction hypothesis 
suppose theorem 2 is true in this case with x = y -  1. Now consider the case when 
x = y .  Let G be edge-coloured with x colours c~, ..., cx so that (iii) is satisfied. 
For l<=i~x,  let E~ be the set of edgescoloured c~. I f  an edge e in E~ is on two 
vertices both of which have degree less than j ( x -  I) in E~U ... UE~_z then remove 
this edge from Ex and add it to E~LA...IJE.~_~. The graph lbrmed froln e and 
EzU.. .UE.~_~ also has maximum degree ~ j ( x - 1 ) .  Now continue to transfer 
such edges e until it is no longer possible to do so. Let E,*. be the set of edges of E.,: 
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which remain when this process stops. Then each edge of E* is on at least one 
vertex which has degree j ( x -  I) in G - E * .  Therefore in any edge-colouring which 
satisfies (iii) and in which the edges of  E.~ receive the colour c~, each edge coloured 
c~ is on a vertex which also has on it j edges coloured c,. for each v~ {1 . . . . .  A - 1 }. 
By induction G - E ~  can be edge-coloured so as to satisfy (iii) and (ix,), and there- 
fore so can G. Case 1 now follows by induction. 

Case 2. G is infinite. 
Let C={c~, c~ . . . .  } be a set of colours, denumerable if G has no greatest 

de~ree, or cardinality [ A ( G ) + j - I ]  : if G has a ~reatest degree. Let E be the set 

of edges of G. For each finite subset Ez of E, let J ) :  E l . ~ { q  . . . . .  cx}, where 

x = [ A ( E ~ + . j  _ r  , .  1.1, TM be a function which assigns the colours cl, ..., c,. to the 

edges of EL such that the rules (iii) and (iv) are obeyed. By Rado 's  selection principle 
[6, 7] there is a fimction f * :  E ~ C  such that, given any finite subset EL of E there 
is a finite subset E M of E containing E L with f*(e)=fM(e) for each eEEL. Thus f *  
assigns the colours {c~, co_ . . . .  } to the edges E so that (iii) and (iv) are satisfied, as 
required. II 

Of  course, the greatest interest in edge-colouring graphs ties in the case when 
the edge-colourings are proper. What can we say in general about canonical proper 
edge-colourings of  locally finite multigraphs? 

Theorem 3. A locally finite multigraph G can be properly edge-coloured with finitely 
maIu' or demmzerably maJo' colours ct, c2, ... h7 such a way that, for each i>=2, 

each edge coloured ci is on a ~'erte_x" which also has o n i t a t  least ~ l -  edges 

coloured from {c 1 . . . .  , q - l } .  

Proof. By Theorem 2 with ./=2, G can be partitioned into subgraphs G~, Gz . . . .  
each of which consists of  disjoint paths and circuits, and such that each edge of 
@ is on a vertex which has degree 2 in each of G1, Go, ..., Gt-~. Now, for each 
i ~ l ,  colour the edges of Gz properly with the colours c3i-.~, caz-a, ca~, using the 
colour c3i only on edges which are not end edges of  maximal paths of G~. Then 
edges coloured c z t _ . , ( c s t _  l , e3t) are each on a vertex which has on it edges coloured 
with 2 ( / - 1 )  ( 2 ( I - 1 ) , 2 ( 1 - 1 ) + 1  respectively) of  the colours c~ . . . . .  c3t-e 
(el . . . . .  c:,,l_,; ct, ..., cal respectively). The theorem now follows. II 

The following graph shows that the figure given m Theorem 3 is best possible. 
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We can similarly derive other  consequences o f  theorem 2 when, for  some odd 
integer j ,  G does not  contain a regular  subgraph  of  degree 2j with an odd number  
of  edges. The  mos t  interesting of  these is the following theorem.  

Theorem 4. A locally f ini te  multigraph G which contains no regular subgraph o f  
degree 6 with an odd number o f  edges may  be properly edge-coloured with f ini tely  
many or denumerably many colours ca, c,,, ... in such a way that, f o r  each i>=2, 

r _ ,  t l 

each edge coloured cl is on a v e r t e x  which also has" o,1 it at least 3 × J - ~ - ~ - [  edges 

coloured f r o m  { q  . . . .  , ci-1}. 

Proof.  By theorem 2 with j = 3 ,  G can be par t i t ioned into subgraphs  G1, G~, ... 
each of  which has m a x i m u m  degree at mos t  3, and such that,  for each l >  1, each 
edge of  Gt is on a vertex of  degree 3 in each of  G1, Ge . . . . .  Gl_~. Each of  Ga, G~, ... 
can be proper ly  edge-coloured with <_-4 colours (see Bosfik [2]). The  theorem now 
%llows. | 

We were unable to decide whether  the following conjecture concerning simple 
graphs  was true. 

Conjecture 1. A &call)., f ini te  s&~ple graph G can be properl), edge-coloured with 
f in i te ly  many or denumerably many colours cl ,  c2 . . . .  in such a way that, f o r  each 
i ~ 2, each edge coloured c~ is on a vertex v which also has on it edges coloured 
q . . . .  , e~_~, except  f o r  the possibility that, f o r  one j ,  1 ~ j < = i -  1, there may  be no 
e~(~e coloured c~ on v. 

However ,  we were able to prove  the lbllowing theorem,  which shows that,  
for any  v, if the set o f  colours is split into two subsets {c~ . . . .  , c,.}, {c~+~, c~+o, ...} 
then there is a p roper  edge-colouring in which each edge coloured c, with g~==v+ 1 
is on a vertex which also has on it edges of  all, or  all but  one, o f  the colours cl . . . .  , c~. 

Theorem 5. Let  G be a locally f ini te  shnple graph, and let v ~ 1 be an integer such 
that v ~ m a x i m u m  degree, i f  G has one. Then G can be properly edge-coloured with 
.finiteh, many or denumerabO~ many colours c,_, c., . . . .  hi such a way that 

(i) any edge coloured c u with p ~ v + 1 is on a vertex which has on it edges 
coloured with at least v -  1 o f  c~ . . . . .  c,., 

(ii) any edge coloured c~ is' on a vertex which has on it edges eoloured with 
at least v - 2  o f  c~ . . . . .  c,._t. 

In the s ta tement  of  Theorem 5, (i) and (ii) together  are equivalent  to:  
(iii) an)' edge coloured c u with t~ ~ v is" on a vertex which has on it edges coloured 

with at least r - 1  o f  q , . . . , c , . .  

Proof. Case 1. G is f inite.  
First  we int roduce some terminology,  i f  a vertex has on it edges of  all, or  

all but  one, o f  the colours e~ . . . .  , cx, for some 2, we shall call it a 2-canonically 
coloured vertex. I f  an edge is on a 2-canonically coloured vertex we shall call it a 
).-canonically coloured edge. Clearly any edge or vertex which is 2-canonically 
coloured for  some 2 >  1 is also (Z-1 ) -canon ica l ly  coloured.  A maximal  pa th  
or  an even circuit o f  edges coloured c~ or /3 will be  called a maximal  (~, ~3)-chain. 
I f  i < !  we shall say that  the colour  q is less than the colour  c i ,  and write e i < c j .  
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Starting from a proper  edge-colouring of  G with ct, ..., c d + ~ we shall recolour 
in several stages, keeping the edge-colouring proper  at each stage. At  the end of  
the first stage each edge coloured c4 or  c,~+~ is A-canonically coloured. At  the end 
of  t he j - t h  stage (j=>l),  each edge coloured with one o f  c~+a, c~, ..., e~+~_i will 
be (A + 1 - j ) - canon ica l ly  coloured. 

We now suppose that  A>-Z~v ,  and we describe the ( A - Z + l ) - t h  stage 
o f  this recolouring process. I f  2 = A ,  so that we are at the first stage of  this recolour- 
ing process, then we make no assumption at all at the start o f  this stage except that  
G is properly edge-coloured with c~ . . . .  , c~+z. ff  A>) .  then at the start  o f  this 
stage we assume that  each edge coloured CA+~, C~ . . . .  , C;+t is (2+ l ) -canon ica l ly  
coloured. Recall that  this implies that  each of  these edges is ).-canonically coloured. 

Let Po be the set o f  edges coloured c~. + t or  ca. which are ).-canonically coloured. 
Let R 0 be the set of  edges coloured e). which are not  in P0, that  is to say, are not 
Z-canonically coloured. We may assume that  any edge coloured with cx or cz+l 
which is not adjacent to another  edge coloured c~.+a or ca. respectively is in fact 
coloured c~. Notice that  if the colours are interchanged on a maximal (cz, c;.+0- 
path then any edge coloured c~. which was in P0 and is not an end edge of  the path 
remains 2-canonically coloured, but  an end edge which was coloured cz may not 
remain 2-canonically coloured after the colours are interchanged on the path. 

I f  an edge e~,P o and the vertices of  e are u, v then we shall also write u~P  0, 
t"dPo, etc. ; if the two vertices of  an edge e are a and b then e will also be denoted 
by ab or ba. We shall call a maximal (cz, c~.+0-path trivial if it consists o f  only 
one edge. 

I f  we are not  at the final stage, and if R0 = Q  then each edge coloured 
ca+l . . . . .  ca. is 2-canonically coloured and so we may pass on to the next stage, i.e. 
the ( A - 2 + 2 ) - t h  stage of  this recolouring process. I f  R 0 = Q  and we are at the 
last stage, i.e. the ( A - v +  1)-th stage, then the conditions o f  the theorem are sat- 
isfied. Therefore suppose that R0~ Q. Then each edge colonred c~+~, c~ . . . . .  c~,+j 
is ),-canonically coloured,  but  there is an edge coloured cz which is not ).-canonically 
coloured. We shall recolour some of  the edges. Let P~, R~ be the corresponding 
sets o f  edges after the recolouring. Iterating our  recolouring process will give a 
finite sequence (Po, Re), (P~, R~) . . . . .  (Pi, Rz), in which 

IR;I --> [ R i + l t  (t < i - - l - I ) .  

and 
IRd = fR;+a! ==> IR;+al > [R~+.~[ 

R l =  ~ .  

(1 --: i-= 1 -2 ) .  

In each case where IR¢J=IRI+,I no end edge of  a maximal (c;., ca.+1)-chain is in 
Ri, but in such a case the process we describe rearranges the edge-colouring so 
that  at least one such end edge is in Ri+ 1. For  each i it remains true that each edge 
coloured ca+~, c~, ..., c a+l is 2-canonically coloured. 

Thus suppose eERo. Then e is coloured ca.. We may assume that  either e 
is an end edge of  the (possibly trivial) maximal (ca, c;.+l)-chain on which it lies, 
or  else tha t  all end edges o f  all maximal (c a, c~.+l)-chains are in Po- We may  further  
assume that, if e is not  an end edge, then all edges between e and one of  the end 
c.!~-es, if there are an3,, are in P0. A final assumption is that e may only be in a 
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(c, ,  cx .0-c i rcu i t  when all edges of  all (possibly trivial) maximal  (ca, ca+0-pa ths  
are in P0. 

Let e=ab t ,  where a, blEV(G);  if e is the end edge of  a (possibly trivial) 
maximal  (cz, cz+l)-chain, let a be an end vertex of  this pa th ;  if e is not  the end edge 
and the maximal  (c~., c~.+0-chain is a path,  let all edges between a and the end on 
the opposi te  side of  a to b~ be in P0. 

Now remove the edge e (but not  the vertices a, bO f rom G. 
Let  e be the least colour  missing f rom a, and let fl~ be the least colour  missing 

from b,.  Clearly c~ and [~1 are both :4c;_,,. I f  e is missing f rom bl then we can 
insert the edge e recoloured e. I f  this should produce  an edge e* coloured c~.+~ 
which is not adjacent  to an edge coloured c a, then change the colour  on e* to cb.; 
it is then in P~. Then clearly P~ and R~ satisfy Char t  1. 

P, = Po R~ = R, , \{e} 

Chart t 

We deal similarly with the case when /~, is missing f rom a, and again P1 
and R, satisfy Char t  1. Therefore  suppose f rom now that  ~ is present at  bl,  fit 
is present  at a. Then ~#f i l -  Let the edge on a coloured fit be called ab.,. 

We now iterate a certain procedure.  We describe the i-th stage of  it. where 
i ~  2. Suppose that.  prior to the i-th stage, certain neighbours  of  a have been labelled 
b~, b., . . . .  , b~, that  abe, ab:,, . . . .  , ab~ are coloured /11 . . . . .  fl~ ~ respectively, that  
fll . . . . .  [~_~ are distinct and not equal  to e or c)., tha t  fix, --.,/3~-1 are the least 
colours missing from b~ . . . . .  t)i_~ respectively, and that  ~. is present  at bl . . . . .  b~_~. 
This is illustrated in par t  bv Figure 1. 

(no ~)  o. bT (no fll] 

{no ~2) 

"--..4i., I~o ~i-,/ 

Fig,. l 

Let fii be the least colour missing f rom b;. We consider various cases. 
Case la. fli=c~. Then recolour abi with ca, abi-1 with i l l - l ,  . . . ,  abe with 

[1, and insert e recoloured B1. 
Consider  edges coloured c, ,  where ~ -~) .+1 .  We assume tha t  each edge 

coloured c,~ before this recolouring was 2-canonically coloured.  After  the recolouring 
the colours present at each vertex other  than  a, b l , . . . ,  bl remain unaltered.  At  
each of  bl . . . . .  bi a colour  is removed,  but  it is replaced by the least colour  which 
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had previously been absent. At a the set of colours present remains unaltered. 
Thus, any edge which is coloured c, both before and after this recolouring remahas 
2-canonically coloured. If  an edge ab¢, where 1 <_aNi, acquires the colour c u 
during this recolouring, then c~, was previously the least colour absent from b~, 
so after the recolouring be has on it all, or all but one, of Cl . . . .  , c,_1, and so ab, 
is (#- l ) -canonical ly  coloured, and therefore 2-canonically coloured. Thus any 
edge coloured c~, after this recolouring is 2-canonically coloured. 

It remains to investigate/'1 and R1 in this case. 
Case la (i). cz+l~ {/~i . . . . .  [1i-1}. Then P1 and R1 satisfy Chart 2. 

e, = eoU{ab,} R, = Ro\{e} ] 

Chart 2 

Case la (ii). ca+~=fl~-l. 
ab i are given in Figure 2. 

bi.l 
y (no c~,.l) 

Ri_ 2 / 

~ ( n o  c;d 

,, Before " 

The "before" and "after" colours of abi_l and 

bi-1 

,,After" 
Fig. 2 

Then Pa and R, again satis~- Chart 2. 
Case la (iii). cz+lE{fl.,, ...,/31-2}. Let c;.+~=//, (2~a_-<i-2).  Then the 

"before" and "after" colours of abe, ab~+a and abi are given in Figure 3. 

fJ 5_1////8 b5 c ~1// / /m b6 (no c~.11 

o ~ (no I36.1) o 

" ' ~  i - , . . . ~  bi bi 

(no cxl 

.Before" 0,After" 
Fig. 3 

Then ab~+lCPo and abe, abiEP 1, Therefore Pz and R I satisfy Chart 3. 

I 'P1 = (P°U{ab~}U{abi})\{ab~+z} I R~ = Ro\{e}l  

Chart 3 
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Case la  (iv). ez+a=fil. This does not occur, for otherwise ha, and therefore 
e, would be 2-canonically coloured. 

Case lb. fli ~ ez. 
Case lb  (i). 0~ is not on any edge at b,. In this case we recolour the edge 

abi with ~, recolour abi_l with fl,_~, abi_~, with flt-~, . . . ,  ab2 with/7~ and reinsert e 
recoloured/7i. 

As in Case la, an edge coloured c, with p=>)~+l after this recotouring is 
).-canonically coloured. 

Case Ib (i)1. c~+1~ {/71, ...,/71-~}. Then P1 and R~ again satisfy Chart 1. 
Case lb  (i) 2. ca+ ~ =/7~ fo r  some a~ {2, ..., i -  1}. The "before" and "after'" 

colours of ab~ and ab~+~ are given in Figure 4. 

.•6{ n o cX.1] c~,÷l ~ 6 

6+1 

,,Before ,,After" 
Fig. 4 

Clearly ab~+tCPo and abrUPt. Then Pt and R1 again satisfy Chart 3. 
Case lb (i) 3. e;.+l=fll .  This case does not occur for the same reason as 

Case la (iv). 
Case lb (ii). ~ is on an edge at bi. 
Case lb (ii) 1. /71 is not on an edge on a. Then we recolour the edge ab~ 

with fli, abi-1 with f l i - t  . . . . .  ab~ with /7~ and reinsert the edge e recoloured ill. 
As in Case la, any edge coloured c u with ~t=>2+l after this recolouring is 

Z-canonically coloured. 
Case lb (i i) la.  ex+~ {/71, ..., fli}- Then P1 and R1 again satisfy Chart 1. 
Case lb (ii) lb. e~.+~=fl~ for  some ~C{2 . . . . .  i -1} .  Then P1 and R1 again 

satisfy Chart 3, for the same reasons as in Case lb (i) 2. 
Case lb (ii) le .  ez+~=/7~. This case does not occur for the same reason as 

Case la (iv). 
Case lb (ii) ld. e~+l=/Ti. Then abiEP 1 and Pt and R~ again satisfy Chart 2. 
Case Ib (ii) 2. /71 is on an edge on a. 
Case lb (ii)2a. /71~ {/71 . . . .  ,/Ti-t}. Then denote the edge on a coloured /71 

by ab~+a and proceed to the (i+ 1)-th step of this recolouring process. 
Case lb  (ii) 2b. /71=/7j f o r  some jC {i, ..., i - i } .  
Case lb  (ii) 2b (i). /Ti~c~.+~. The situation is illustrated in Figure 5. 
Case lb (ii) 2b (i) 1. f l i<cz.  Let /7  denote the maximal (a,/Ti)-path starting 

at b~, and let x denote the vertex at the other end of H. 
Case lb (ii) 2b (i) la. x=b¢  for  some zE {2 . . . .  , i - l } .  Interchange the 

colours on the edges of H, recolour ab¢ with cq ab,_a with /7~-1, ..., ab2 with /72 
and reinsert e coloured/7~. As in Case la, any edge coloured e, with /1=>2+1 after 
this recolouring is 2-canonically coloured. 
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bl 
a ~-.7._7~ . . . . . . . . . . . . . . . . . . . .  -4 (no ~) 

t~o ~,1 ~ - - - . ~ - - - - - - - - - ~ . _ ~ ,  
b~ 

~ (no Iqj.i) 

Fig. 5 

Case lb (ii)2b ( i ) l a  (i). c~.+!q{fil . . . .  ,/3~_~}. Then P1 and R1 again satis~, 
Chart 1. 

Case lb (ii) 2b (i) la (ii). e~+1=/3~ for some o'E{2 . . . . .  T--l}. Then P1 and 
R1 again satisfy Chart 3, the reasons being the same as in Case Ib (i) 2. 

Case lb (ii) 2b (i) la (iii). c~+1=/~1 . This case does not arise for the same 
reason as Case l a (iv). 

Case lb (ii) 2b (i) lb. x=a.  Then /7 passes through bi+l. Interchange the 
colours on the edges o f / 7 ,  recolour abj with fli, abi_l with /3i_ I, ..., ab~ with fl,, 
and insert e coloured /~1. 

As in Case la, any edge coloured e, with #=>2+1 after this recolouring is 
2-canonically coloured. 

The three c a s e s  c~.+l~ {ill  ,. ...,flj-1}, C2+l=fl~r for some o-C{2, . . . , j - - l }  
and c).+1=/3 a are essentially the same as the corresponding subcases of 
Case lb (ii) 2b (i) la. The case c).+~=fl, i is excluded as we are in a subcase of 
Case lb (ii) 2b (i). 

Case lb (ii)2b ( i ) le .  x=bt .  Interchange the colours on /7 and insert e 
recoloured ~. Then P~ and R~ again satisfy Chart 1. 

Case lb (ii) 2b (i) Id. x~ {a, b~, b.2, ..., bi-1}. Interchange the colours on the 
edges o f / 7 ,  recolour abi with c~, abi_ ~ with fl ,-l ,  abi-.2 with fii-',, ..-, ab2 with fl,, 
and reinsert e coloured fl~. 

If x was 2-canonically coloured then it remains so, since it has one colour 
less than ca removed from it, which is then replaced by another. Apart from this 
detail, the argument for this case is essentially the same as that of Case lb (i). 

Case lb (ii) 2b (i) 2. fli>c~+l. Let /7~ (/Tj) denote the maximal (cz+~, fii)- 
path starting at b, (bj), and let x, (xj) denote the vertex at the other end of/7~ (/7i). 
Note that the fact that fl~>ez+t implies that there is an edge coloured ea+~ on b~. 
Also note that ff we interchange the colours on H, then each edge of /7~ continues 
to be 2-canonically coloured, all edges e, with /~ ~ 2 +  1 continue to be 2-canonically 
coloured and all edges coloured e~ which are (2-1)-canonically coloured continue 
to be (2- l ) -canonical ly  coloured. Similarly with/-/ j .  Note also that j ¢  1 since 
f l l  < e 2 .  
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We now describe a process in which we cycle back to thes tar t  of Case lb (ii). 
This cycle may be repeated several times, but it can be seen that the number of such 
cycles is finite. For if we write 

(/31,/~.~, ..., p,) -< ( ~ ,  ~ ,  .. . ,  ~ ' ) ,  

when either /31=/~ ~ . . . .  ,/3~_1=/V_ 1 and /3,</3~ for some r, l=<z~max(/ ,  i'), or 
i ' > i  and //1=/~, ...,/~i=/3~, then we obtain a lexicographic total order on the 
sequences (/31 . . . . .  /3i): inspecting each subcase of Case lb (ii) 2b (i) 2 below will 
confirm that at the end of each cycle we obtain a sequence which is lower in the 
order than the sequence at the start of the cycle. 

Case lb (ii) 2b (i) 2a. xi¢ {a, bl . . . . .  bi-~}. Interchange the colours on Hi. 
Now start the argument for Case lb (ii) again with /~i=ex+l. 

Case lb (ii) 2b (i) 2b. x i = b  ;. Then H z = H j .  Interchange the colours on 
//~. Then the 1east colour missing from bj is now e~+a. Now start the argument for 
Case lb (ii) again with i replaced b y j  and with /3j=e~+~. 

Case lb (ii) 2b (i) 2c. The last edge of  Hi is not ab, for all 

crE{1 . . . . .  j - l , j - 1 ,  ..., i -  I}. 

Case lb (ii) 2b (i) 2e (i). x~=a. Interchange the colours on Hi. Then repeat 
the argument for Case lb (ii) with pi=ea+~. 

Case lb (ii) 2b (i) 2c (ii). xi=b~ ,for some aE{1, . . . , . / - 1 , j + l ,  .. . ,  i -1} .  
[nterchange the colours on H~. 

Case lb (ii) 2b (i) 2c (ii) 1. The least colour missing at b~ is still fl,. Repeat 
the argument for Case lb (ii) with /3i=cz+ 1. 

Case lb (ii)2b (i)2c (ii)2. The least colour missing at b~ is no longer fl,. 
Then this least colour will be e~+l. Repeat the argument for Case lb (ii) with i 
replaced by a and with /3~=e~+1. 

Case lb (ii) 2b (i) 2d. The last edge of  Hi is ab, for some 

a E { 1 , . . . , j - l , j +  1,..., i - l } .  

Case lb (ii) 2b (i) 2d (i). The last edge of  l-lj is not ab~for some 

~E{1, . . . , j - 1 , j +  1, ..., i -  1}. 

Case lb (ii) 2b (i) 2d (i) 1. x j = a .  This is impossible. 
Case lb (ii) 2b (i) 2d(i) 2. x j = b  u for some ttC{1, . . . , j - l , j + l  . . . .  , i -1} ,  

/~,~cr. Interchange the colours on IIj .  
Case lb (ii) 2b (i) 2d (i) 2a. Either # <j  and the least colour missing at b u 

is still flu, or p>j .  Repeat the argument for Case lb (ii) with i replaced b y j  and 
with flj=e~+l. 

Case lb (ii) 2b O) 2d (i) 2b. # <j  and the least eolour missing from b~ is no 
longer flu. Then the least colour missing from b~ is e~+l. Repeat the argument for 
Case lb (ii) with i replaced by kt and with fl~ replaced by e~+~. 

Case lb (ii) 2b (i) 2d (i) 3. x i = b  ~. This is impossible. 
Case lb (ii) 2b (i) 2d (ii). The last edge o f  I l j  is ab, for some 

zE{l . . . .  , j - l , j +  1, ..., i-- 1}. 
This is impossible. 
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The next case, Case lb (ii) 2b (ii), where /?~=cz+~, is rather elaborate. We 
shall denote it by Case I. 

Case I (=Case lb (ii) 2b (ii)). fl,=c~+a. L e t / / *  (//~,/-/~+~) be the maximal 
(c~., c~.+~)-path whose first edge is abi (ab], abj+l respectively). If we interchange 
the colours on any one of  these maximal paths, then each edge which is not an end edge 
and which was ;L-canonically coloured remains so. An end edge coloured c). such 
that the penultimate vertex of  the path is not ),-canonically coloured, whereas the 
ultimate vertex is ),-canonically coloured with precisely ) , - 1  of  c~, ..., c~ occurring 
on edges incident with it, will cease to be 2-can0nically coloured. Let x* (x*, * Xj + 1) 
be the vertex at the other end of /7*  (H*, H~+~ respectively). 

Case 11. x7+1~ {ba, bj}. Then nT n;+ so xy ~a. Interchange the colours 
o n / / * ,  recolour aby with c~, aby_~ with fly_~, aby_ 2 with fly-~, "", ab2 with flz and 
reinsert e recoloured fl~. Then interchange the colours on the maximal (c~, c~+~)- 
path containing H~. 

f] j - 2 ~  (no /3;_1) 

- (no e~,,i=f~ ~ =nil "" 

c ~  x j, T 

., Before" 

13 j- t . ~ " *  b J-1 

~ c A  bj ~ . ~  c A =  

. Intermediate" 

~ xj 

.•xj*l / 

/ , ,  bj_~ 

,,After" 
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The "before", "'intermediate" and "after" colours at ab]_~, abj and ab]+~ 
and on the paths/Tff and /7~.+~ are illustrated in Figure 6. 

From the way that the edge e was selected it follows that all edges of/7*. j+~ 
were in P0- After the interchanges it may happen that the last edge (say e*) of/7~.+~ 
is coloured ca+~ and is not 5:-canonically coloured. We deal with this eventuality 
in Case I* below. But, by an argument similar to that of Case la, any other edge 
coloured c~, with ~L_->2+ 1 after the recolouring is ).-canonically coloured. The sets 
Pa and R~ satisfy Chart 4. 

e* is 2-canonically coloured P1 = PoLJ{ab.i} : R 1 = R0~{e} 

e* is not 2-canonically coloured P~ = (PoU{abj})\{e*} R~ =(Ro\{e})U{e*} 

Chart 4 

Case I2. xj+l=bl. Then again x~-~-a. In this case e was part of a (ca, ca+a)- 
circuit, so by assumption each edge of each maximal (c a, cz+l)-path was in P0, 
In particular all edges o f /7*  are in P0. Interchange the colours on //~, recolour 
abj with Ca, abj-i with flj_l, abj_., with [t.i_., . . . . .  ab~ with flz and reinsert e recol- 
oured fla. 

The "before" and "after" colours are the "before" and "intermediate" col- 
ours of Figure 6. 

In a similar way to the previous case, the last edge of 17" may be coloured 
Cx+l yet not be 2-canonically coloured. Again we deal with this possibility in Case I* 
below. Again, any other edge coloured q, with /z_->2+l after the recolouring 
will continue to be 2-canonically coloured. The sets P~ and Rt are again given by 
Chart 4. 

Case 13. x j+l -b  j. In this case l l i - /T j+ ~ and xj =a .  Then interchange 
the colours on 17", recolour abi with ca, abi_, with fl,_,, abi_.z with fli-2, -.., abz 
with f12 and reinsert e recoloured B1. Then abj is recoloured cz+ 1. Finally inter- 
change the colours on the maximal (c;., c).+0-path containing /7~. The "'before", 
"intermediate" and "after" colours are illustrated in Figure 7. 

As in the previous two cases, this process may produce an edge e* coloured 
ca+~ which is not 2-canonically coloured. Again this possibility is dealt with in Case I* 
below. This time e* will be the edge of the maximal (c a, cz+a)-path we have produced 
which is on the vertex bj+~. Apart from e*, any other edge coloured c, with # ~ ) , +  1 
after this recolouring is )t-canonically coloured. The sets Pa and R~ satisfy Chart 5. 

e* is 2-canonically coloured P1 = (PoU {abj}g{abi})\{abi+l} 
RI = R0\{e} 

e* is not ).-canonically Pa = (PoU{abi}U{abg})~({abi+l}U{e*}) 
coloured R1 = (Ro\{e}) U {e*} 

Chart 5 

Case I*. In this sub-case of Case I an edge e* has been produced being the end 
vertex of a maximal (Ca, c~.+l)-path, and coloured O,+l, yet not being 2-canonically 
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coloured. We describe as briefly as possible a recolouring process lbr e* which is 
similar to that by which e was recoloured. 

We take/)1 and RI as they have been produced in Case I and modify them, 
yielding P~' and R~; these will then be the next 'input' in our recolouring. Let 
e*=a*b'~, where a* is the end vertex of the maximal (c)., Q+0-chain of which e* 
is a part. Remove the edge e*. Let ~* be the least colour missing from a, and let 
fl~ be the least colour missing from b~. Clearly c~* and fl* are both ~e~_x.  The 
account now proceeds as in Case 1, except that much of the description can be 
omitted as being inapplicable; we replace a by a*, ~ by ~*, bl, . . . ,  bi by b*, ..., b~ 
and i l l ,  " " ,  /Ji by fl*, ..., fl*. The cases which may arise are (using the numbering 
of Case 1, but with 1 replaced by I*) Case I*a (i), Case I*b (i) 1, Case I*b (ii) l a, 
Case I*b (ii) ld, Case I*b (ii) 2a, Case I*b (ii) 2b (i) la (i) (the case c;.+~¢ {fl~ . . . .  
. . . .  fli--,}), Case I*b (ii) 2b (i) lc, Case I*b (ii) 2b (i) ld, Case I*b (ii) 2b (i) 2 (all 

4* 
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subcases, and we cycle back to the start of Case I*); the important point to no- 
tice is that Case I*b (ii) 2b (ii) cannot arise, and so the procedure will terminate. 

Case 2. G is infinite. This case follows from Case 1 and Rado's selection 
principle (as with Case 2 of Theorem 2). II 

We next consider edge-colourings of finite Eulerian graphs (graphs all of  whose 
degrees are even), If G is an Eulerian graph, let zc(G) be the least number j such 
that E(G) can be coloured with j colours in such a way that each colour class is 
the vertex-disjoint union of circuits. Call xc(G) the circuit chromatic index of G: 
by Euler's theorem G is the union of edge-disjoint circuits so z~(G) exist. Clearly 
zc(G)-->½ A (G); Andersen showed the author that there is equality here. 

Theorem 6. I f  G is a finite Euleriatt graph then z¢(G)=~- A (G). 

Proof. Let G* be the graph formed from G by adjoining ½(A(G)-deg~ (v)) loops 
to each vertex v. Then, with each loop counting 2 towards the degree of the vertex 
it is on, G* is reg-ular of degree A (G). Therefore G* is the union of ½ A (G) edge- 
disjoint 2-factors. Therefore G is the union of ½A (G) colour classes, each being 
the union of vertex-disjoint circuits. 1 

We have, furthermore, the following analogue of Theorem 1. 

Theorem 7. I f  G is a .finite Eulerian graph then E(G) may be coloured with coh)~#'s 
Ca, ..., C~_~(o) in such a way that 

(i) each colour class is the vertex disjoint union of  circuits, 
(ii) each circuit of  cotour C i is on a vertex which also has on it ch'cuits of  

colours C1, ..., Cs-1. 

Proof. The proof is analogous to that of Theorem 1. | 

As an analogue of a concept of de Werra [1 1], for Eulerian graphs we may 
define an evenO'-equitable edge colouring. This is a decomposition of  E(G) into 
colour classes (71 . . . .  , C~ such that 

(i) [Ci(v)] is even for each vCV(G) and each i, l~_i<=k, 
(ii) ]Ci(v)-Cj(v)]=O or 2 for each v~V(G) and each i , j  with l < - i < j ~ k ,  

where C~(v) denotes the number of edges of colour C~ on the vertex c. 

Theorem 8. For each k -~ 1, each finite Eulerian graph has an evenh' equitable edge- 
eolourhlg with k colours'. 

Proof. Let G be edge-coloured with C~, ..., Ck in such a way that, for each i, 
1 <=i<=k, the graph whose vertices are the vertices of  V(G) and whose edges are 
the edges of C~ is Eulerian (it is easy to see that such an edge-colouring exists). 

We now describe an algorithm which changes this edge-colouring to one of 
the desired type. Suppose there is a vertex v0 and two colours C~, Cp such that 
IC,(vo)--C~(vo)[>2. Let G* be the subgraph whose vertices are the vertices of G 
and whose edges are the edges of C=UC~. Let G** be the graph formed from G* 
by adding a loop at each vertex whose degree in G* is congruent to 2 (rood 4). 
Then each vertex of G .... has degree congruent to 0 (mod 4) (counting 2 for the 
contribution lrom each loop). Now colour the edges of  an Eulerian circuit of G *~ 
alternately C~, CB: we see that there is an equal number of edges at each vertex 
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o f  bo th  colours (counting a loop as two edges). The colouring restricted to G* 
then has 

IC~(v ) -Ca(v ) ] - -0  or 2 (VvEV(G)). 

Repetit ion o f  this process clearly yields an evenly equitable edge-colouring of  G. 1 

We have just learned that  Theorems 6, 7 and 8 can all be derived f rom a 
more  general result (Theorem 2.4) in [12]. 

N o w  let the path-chromatic index 7~p(G) o f  a simple graph G be defined as 
the least number  j such that  E(G) can be coloured with.] colours in such a way that 
each colour  class is the vertex-disjoint union of  paths (a circuit not  being counted 
as a path). We make the following conjecture regarding xp(G). 

Conjecture 2. Let G be a simple graph. Then 

Zp(G) ~ [ A(G)+ I 1 
2 

Clearly z p ( G ) ~ / ~  l ,  so if A ( G ) i s  odd the conjecture amounts  to saying that 

[ ~ (6) + l ] 
z,'G)t = j ~ -~, and in this case if true it would be a strengthening of  Vizing's 

theorem [9, 10]. We have recently heard that  the same conjecture is mado in [1] 
and that the conjecture is proved for regular graphs o f  degree -<5 in [1] and [8]. 
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